CENTRAL LIMIT THEOREM FOR A CLASS OF ONE-DIMENSIONAL 

KINETIC EQUATIONS 
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Abstract. We introduce a class of Boltzmann equations on the real line, which constitute 
extensions of the classical Kac caricature. The coUisional gain operators are defined by smooth- 
ing transformations with quite general properties. By establishing a connection to the central 
limit problem, we are able to prove long-time convergence of the equation's solutions towards 
a limit distribution. If the initial condition for the Boltzmann equation belongs to the domain 
of normal attraction of a certain stable law Ua, then the limit is a scale mixture of Ua. Under 
some additional assumptions, explicit exponential rates for the convergence to equilibrium in 
Wasserstein metrics arc calculated, and strong convergence of the probability densities is shown. 
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1. Introduction 

In a variety of recent publications, intimate relations between the central limit theorem of prob- 
ability theory and the celebrated Kac caricature of the Boltzmann equation from statistical physics 
have been revealed. The idea to represent the solutions of the Kac equa t ion in a probabilistic way 
dates back at least to the works of McKean in the 60's, see e.g. McKean but has been fully 

formalized and employed in the derivation of analytic results only in the last decade. For instance, 
probabilistic methods have been used to get esti mates on the quality of approximation of solutions 



by truncated Wild sums in Carlen et al. (120001) . to study necessary a nd sufficient conditions for 



the convergence to a steady state in Gabetta and Regazzirii (l2006bl) . to study the blow-up be 
havior of solutions of infinite energy in I Carlen et al. ( 20071 2008[). to obtain rates of coiiverKenc e 
to equilibrium of the s olutions both in strong and w eak metrics, ICabetta and Regazzini I (|2006a ): 
Dolera et al. ( 2007 ): [Polera and Regazzini I (l2007^. The power of the probabilistic approach is 



uoiera et ai. l l|/UU<^l l: luoiera and negazzmi i wzvvm. ine power oi tne probabuistic approacn is 
illustrated, for instance, by the fact that in iDolera et al. I mm very refined estimates for the 
classical central limit theorem enabled the authors to deliver the first proof of a conjecture that 
has been formulated by McKean about fourty years ago. 

The applicability of probabilistic methods is n ot restricted to the classical K ac equation, but 
extends to the inelastic Kac model, proposed bv IPulvirenti and Toscan"i ( 2004 ). In the inelastic 
model, the energy (second moment) of the solution is not conserved but dissipated, and hence 
infinite energy is needed initially to obtain a non-trivial long-time limit. In lBassetti et al.l (|2008f ) 
probabilistic methods have been used to study the speed of approach to equilibrium under the 
assumption that the initial condition belongs to the domain of normal attraction of a suitable 
stable law. In this context, indeed, the steady states are the corresponding stable laws. 

In the current paper, we continue in the spirit of the aforementioned results. By means of the 
central limit theorem for triangular arrays, we are able to study the long time behavior of solutions 
of a wide class of one-dimensional Boltzmann equations, which contains (essentially) the classical 
and the inelastic Kac model as special cases. 

To be more specific, recall that the Kac equation describes the evolution of a time-dependent 
probability measure fj,(t) on the real axis, and is most conveniently written as an evolution equation 
for the characteristic function (f>(t) of fi{t). The equation has the form 

U(O;e) = 0o(e) 



(1) 
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where the colHsional gain operator is given by 

(2) Q+m; -M) mit; LOHt; RO]- 

Above, (L, R) is a random vector defined on a probabihty space {fl, P) and E denotes the expec- 
tation with respect to P. The initial condition c/jq is the characteristic function of a prescribed real 
random variable Xq; by abuse of notation, we shall also refer to Xg, to its probability distribution 
function Fq or to its law /i(0) as the initial condition. 

For the classical Kac equation, one writes {L,R) ~ (sin(0), cos(0)), with O uniformly dis- 
tributed on [0, 2tt), and hence + ^ 1 a.s. The inelastic Kac equation is obtained by 

= (sin(e)|sin(e)|^cos(e)|cos(e)|''), 

with p > 0, and hence -|- \R\" = 1 a.s., if a = 2/(1 +p). It is worth recalling that the study 
of the respective initial value problems can be reduced to the study of the same problems under 
the additional assumption that the initial distribution is symmetric, i.e. the initial characteristic 
function is real, and {L,R) = (| sin(e)|i+P, | cos(e)|i+P). See SectionO 

In this paper, we consider the problem ([T|), where the random variables L and R in the definition 
of the collision operator in ^ are non-negative and satisfy the condition 

(3) E[L" + i?"] = 1, 

for some a in (0,2]. The therewith defined bilinear operators Q'^ are examples of smoothing 
tra nsformation, wh ic h have been extensive l y stud i ed in the context of branched r a ndom wa l ks, see 
e.g. iKahanel (|l976l ); [Durrett and Liggett I (|l983[) ; lGuivarc'h I (|l990f ):lLiu I (|l998[ ): llksanov I (|2004h 



and the references therein. 

Our motivation, however, originates from applications to statistical physics. These applications 
are discussed in Section [2. II At this point, we just mention the two main examples. 

(1) Passing from the Kac condition + R^ = 1 to ^ with a = 2, the model retains its 
crucial physical property to conserve the second moment of the solution. However, the 
variety of possible steady states grows considerably: depending on the law of {L,R), the 
latter may exhibit heavy tails. 

(2) For certain distributions satisfying ([3]) with a = 1, equation ([T]) has been used to model 
the redistribution of wealth in simplified market economies, which conserve the society's 
total wealth (first moment). Whereas the condition L + R = 1 would correspond to 
deterministic trading and lead eventually to a fair but unrealistic distribution of wealth 
in the long time limit, the relaxed condition ([3]) allows trade mechanisms that involve 
randomness (corresponding to risky investments) and lead to a realistic, highly unequal 
distribution of wealth. 

Our main results from Theorems 13.21 and 13.41 can be rephrased as follows: 



Assume that ([3]) holds with a € (0, 2], but a ^ I, and in addition that E[L'*' -|- R'^] < 1 for some 
7 > a. Let ^i{t), for t > 0, be the probability measure on R such that its characteristic function 
(j){t) is the unique solution to the associated Boltzmann equation ([T]). Assume further that the 
initial datum fi(0) lies in the normal domain of attraction of some a-stable law Va, o.nd that ii(0) 
is centered if a > 1. Then, as t +oo, the probability measures flit) converge weakly to a limit 
distribution fioo, which is a non-trivial scale mixture of Va. 



The results in the case a—\ are more involved; see Theorems 13.31 and 13.51 
Under the previous general hypotheses, no more than weak convergence can be expected. How- 
ever, slightly more restrictive assumptions on the initial condition 0o suffice to obtain exponentially 
fast convergence in some Wasserstein distance. Finally, if the initial condition possesses a density 
with finite Linnik-Fisher functional and the condition L'' + R^ >1 holds a.s. for some r > 0, then 
the probability density of ^(<) exists for every t > and converges strongly in the Lebesgue spaces 
L^(M) and L'^{R) as t +oo. 
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The largest part of the paper deals with the proofs of weak convergence, which are obtained in 
application of the central limit theorem for triangular arrays. Consequently, the core element of 
the proof is to establish a suitable probabilistic interpretation of the solution to H]). The link to 
probability theory is provided by a semi-explicit solution formula: the Wild sum, 

oo 

(4) 0(i) = e-*^(l~e-*rg„, 

ri=0 

represents the solution 4)(t) as a convex combination of characteristic functions Qn, which are 
obtained by iterat ed application of the g a in oper ator Q"*" to the initial condition 0o — see formula 
(fTTj) . Following Gabetta and Regazzini I (l2006bh we consider a sequence of random variables Wn 



such that Wn has Qn-i as its characteristic function, and possesses the representation 

n 

(5) M^„ = ^/?,.„X, 



where the Xj are independent and identically distributed random variables with common char- 
acteristic function (f>o- The weights Pj^n are random variables themselves and are obtained in a 
recursive way, see ((T^ . 

The behavior of 0(t) in ([1]) as t cx) is obviously determined by the behavior of the law of Wn 
as n —f oo. It is important to note that a direct application of the central limit theorem to the 
study of Wn is inadmissible since the weights in (O are not independent. However, one can apply 
the central limit theorem to study the conditional law of Wn, given the array of weights /3j.„. 

Representations in the form (HI) w ith (pi) are known for the (classical and inelastic) Kac equation. 



Gabetta and Regazzini ( 2006b ) and llBassetti et aL ( 20081 ). The situation here is more involved. 



see 

since ([3]) only implies that 

(6) ^f3tn+Ph + ---+K.n]=^, 

whereas for the Kac equation, 

(7) /3"„ + /?2% + ---+/3rt„ = l Ci.S. 

In order to be able to apply the central limit theorem, one needs to prove that maxi<j<„ \Pj,n\ 
converges in probability to zero, and that converges (almost surely) to a random variable. 

Thanks to ([7]), the latter condition is immediately satisfied for the Kac equation, while it is 
not always true for the general model considered here. We stress that the generality of ([6|) in 
comparison to ^ is the origin of the richness of possible steady states in ([T]) . 

The paper is organized as follows. In Section [2l we recall some basic facts about the Boltzmann 
equation under consideration, present a couple of examples to which the theory applies, and derive 
the stochastic representation of solutions. Section [3] contains the statements of our main theorems. 
The results are classified into those on convergence in distribution (Section 13. ip . convergence in 
Wasserstein metrics at quantitative rates (Section 13. 2p and strong convergence of the probability 
densities (Section l3.3p . All proofs are collected in Section |4l 

2. Examples and preliminary results 

One-dimensional kinetic equations of type ([l])-([2|), like the Kac equation and its variants, provide 
simplified models for a spatially homogeneous gas, in which particle move only in one spatial 
direction. The measure n{t), whose characteristic function is the solution of (P), describes the 
probability distribution of the velocity of a molecule at time t. The basic assumption is that 
particles change their velocities only because of binary collisions. When two particles collide, then 
their velocities change from v and w, respectively, to 

(8) v' = Liv + Riw and w' = R2V + L2W 

with Li = L2 = sin(O) and i?i = — i?2 = cos(0). 

More generally, one can consider binary interaction obeying ([8]), where (Li,i?i) and (-£2,^2) 
are two identically distributed random vectors (not necessarily independent) with the same law of 
{L,R). This leads, at least formally, to equation dT]). 
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2.1. Examples. The following applications are supposed to serve to motivate the study of the 
Boltzmann equation ([1]) with the condition ([3]). The first two examples are taken from gas dy- 
namics, while the third originates from econophysics. 

Kac like models. Instead of discussing the physical relevance of the Kac model, we simply remark 
that it constitutes the most sensible one-dimensional caricature of the Boltzmann equation for 
elastic Maxwell molecules in three dimensions . A c omprehensive review on the mathematical 



theory of the latter is found e.g. in iBobvlev I (|l988f ). The term "elastically" refers to the fact 



that the kinetic energy of two interacting molecules - which is proportional to the square of 
the particles' velocities - is preserved in their collisions. Indeed, since Li = L2 = sin(0) and 
Ri = —R2 = cos(9), one obtains {v')"^ + {w'Y = v'^ -\- w'^. 

We shall not detail any of the numerous results available in the extensive literature on the Kac 
equation, but simply summarize some basic properties that are connected with our investigations 
here. First, we remark that the microscopic conservation of the particles' kinetic energy implies 
the conservation of the average energy, which is the second moment of the solution fi{t) to ([1]). 
Moreover, it is easily proven that the average velocity, i.e. the first moment of tJ.(t), converges to 
zero exponentially fast. For t — > -l-oo, the solution fj.{t) converges weakly to a Gaussian measure 
that is determined by the conserved second moment. 

As already mentioned in the introduction, the study of the original Kac model can be reduced 
to the study of a particular case of the model we are considering. Indeed, it is well-known that 
the solution of the Kac equation can be written as 

(9) </.(t,O=e-*/m(0o(O)+r(i,C) 

where (/)* is the solution to problem ^ with Re{(j>o) in the place of (j)o, L = |sin(8)| and R = 
|cos(0)|. Hence, we can invoke Theorem 13.41 which provides another proof of the large-time 
convergence of solutions iJ,{t) to a Gaussian law. In fact, also Theorem 13.81 is applicable, which 
shows that the densities of fj,{t) converge in L^(IR) and L^(M), provided /i(0) possesses a density 
with finite Linnik functional. 

These consequences are weak in comparison to the various extremely refined convergence es- 
timates for the s olutions to the Kac equation available in the literature. See, e.g., the review 
Regazzini ( 20081 ). On the other hand, our proofs do not rely on any of the symmetry properties 



that are specific for the Kac model. Thus, our aforementioned results extend — word by word - 
to the wide class of problems (O-© with -I- R^ = 1 a.s. 



The variant of the Kac equation, introduced in lPulvirenti and Toscanil ([200J), is called inelastic 



because the total kinetic energy of two colliding particles is not preserved in the collision mecha- 
nism, but decreases in general. Consequently, if the second moment of the initial condition /i(0) is 
finite, then the second moment of the solution fi{t) converges to zero exponentially fast in t > 0. 
Non-triv ial long-time limits a re thus necessarily obtained from initial conditions with infinite en- 
ergy. In iBassetti et al. (2008), it is shown that the solution fi{t) converges weakly to a a-stable 
law Va if m(0) belongs to the normal domain of attraction of i/q. 

As for the Kac model, the study of the inelastic Kac model too can be reduced to the framework 
of the present paper. Hence, Theorem 13 . 81 and Proposition [3?6l yield new results concerning strong 
convergence of densities in L-'^(K) and convergence with respect to the Wasserstein metrics. 

Inelastic Maxwell molecules. We shall now consider a variant of the Kac model in which the energy 
is not conserved in the individual particle collisions, but gains and losses balance in such a way that 
the average kinetic energy is conserved. This is achieved by relaxing the condition + R^ = 1 
to E[L2 + i?2] ^ 1^ .^^i^ich is da]) with a = 2. 

Just as the Kac equation is a caricature of the Boltzmann equation for elastic Maxwell molecules, 
the model at hand can be thought of as a caricature of a Boltzmann equation for inelastic Maxwell 
molecules in three dimensions. For the definition of the corresponding model, its physical justifi- 



cation, and a collection of relevant references, see lCarrillo et al.l (j2008f ). We stress, however, that 
the Kac caricature of inelastic Maxwell molecules is not the same as the inelastic Kac model from 
the preceeding paragraph. 
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Conservation of the total energy can be proven for centered solution fi{t); like symmetry, also 
centering is propagated from fi{0) to any fi{t) by ([T]). The argument leading to energy conservation 
is given in the remarks following Theorem 13.41 

Relaxation from strict energy conservation to conservation in the mean affects the possibilities 
for the large-time dynamics of fJ,{t). It follows from Theorem 13.41 that if E,[L'' + < 1 for some 
7 > 2, then any solution which is centered and of finite second moment initially, converges 
weakly to a non-trivial steady state ^oo- However, unless + i?^ = 1 a.s., /ioo is not a Gaussian. 
In fact, (L, R) can be chosen in such a way that ^oo possesses only a finite number of moments. 
In physics, such velocity distributions are referred to as "high energy tailed" , and typically appear 
when the molecular gas is connected to a thermal bath. 

An example leading to high energy tails is the following: let {L,R) such that P{L — 1/2} — 
P{L = x/5/2} = 1/2 and P{R = 1/2} = 1. One verifies that E[L^ + R"^] = I and E[L4 + i?^] = 
7/8 < 1, so Theorem l3.4l guarantees the existence of a non-degenerate steady state fioo- Moreover, 
E[L^+i?®] = 1, and one concludes further from Theorem l3.4l that the sixth moment of /ioo diverges, 
whereas all lower moments are finite. 



Wealth distribution. Recently, an alternative interpretation of the equation ([T]) has become pop- 
ular. The homogeneous gas of colliding molecules is replaced by a simple market with a large 
number of interacting agents. The current "state" of each individual is characterized by a single 
number, his or her wealth v. Correspondingly, the measure ^{t) represents the distribution of 
wealth among the agents. The collisio n rule dHt descri b es how wealth is excha nged between agents 
in binary trade interactions. See, e.g.. ISlanina I ( 2004 ): Cordier et al. ( 2005f ). 



Typically, it is assumed that /i(t) is supported on the positive semi-axis. In fact, the first 
moment of fj,{t) represents the total wealth of the society and plays the same role as the energy in 
the previous discussion. In partic ular, it is con served by the evolution. 

In the first approaches, see e.g. Angle ( 1986[ ). conservation of wealth in each trade was required, 
i.e. v' + w' = V + w. Hence, assuming Li = L2 and i?i = i?2 in ([5]), this yields L + R = 1 a.s. 
However, the obtained results were unsatisfactory: in the long time limit, the wealth distribution 
concentrates on the society's average wealth, so that asymptotically, all agents possess the 
same amount of money. This also follows from o ur Theorem 13.31 

More realistic results have been obtained by Matthes and Toscani I ( 20081 ). where trade rules 
(L, R) have been introduced that satisfy ^ with a = 1, but in general P{L -|- i? = 1} < 1. Thus 
wealth can be increased or diminished in individual trades, but the society's total wealth, i.e. the 
first moment of ^J,{t), remains constant in time. The proof of conservation of the mean wealth can 
also be found in the remarks after Theorem 13.31 

A typical example for trade rules is the following. Let Li = L2 and Ri = R2 with P{L = 
1 — p + r} = P{L =1— p — r} = l/2 and P{R = p} = 1, where p in (0, 1) is a relative price of 
an investment and r in (0,p) is a risk factor. The interpretation reads as follows: each of the two 
interacting agents buys from the other one some risky asset at the price of the pth fraction of the 
respective buyer's current wealth; these investments either pay off and produce some additional 
wealth, or lose value, both proportional (with r) to their original price. Over-simplified as this 
model might be, it is able to produce (for suitable choices of p and r) steady distributions ^oc 
with only finitely many mom ents, as are typical wealth distributions for western countries; see 
Matthes and Toscani I (I2OO8I) for further discussion 



An example is provided by choosing p =1/4 and r = 1/2. One easily verifies that E[L + i?] = 1, 
E[L2 + = 7/8 < 1 and E[L^ + R^] = 1. By Theorem ESI it follows that there exists a non- 
degenerate steady distribution /ioo that possesses all moments up to the third, whereas the third 
moment diverges. 



2.2. Probabilistic representation of the solution. As already mentioned, a convenient way 
to represent the solution (p to the problem ([T]) is 

00 

(10) <^(i;?) = E^"*(i-^"*)"9»(^) (i>o,^eK) 

n=0 



6 



FEDERICO BASSETTI, LUCIA LADELLI, AND DANIEL MATTHES 



(11) 



where g„ is recursively defined by 

7. i:;Jo mj{LOqn~i^ARO] (n = l, 2, . . . ). 

The series i n (|10p is referred to as Wild sum, since the representation (jlO[) has been derived in 
WildI (1951) for the solution of the Kac equation. In this section, we shall rephrase the Wild 
sum in a probabilistic way. The idea goes back to lMcKe"aiil ( 19661 1967 ). where McKean relates 
the Wild series to a random walk on a class of binary trees, the so-called McKean trees. It is not 
hard to verify t hat each of the expressions cjn in the Wild series is indeed a characteristic function. 
Now, following iGabetta and Regazzini I (|2006bh . we shall define a sequence of random variables 
Wn such that Qn-iiO = He'^^^]. 

On a sufficiently large probability space {il,T,P), let the following be given: 

• a sequence (X„)„gN of independent and identically distributed random variables with 
common distribution function Fq; 

• a sequence ((in, -?^ra))„gpj of independent and identically distributed random vectors, dis- 
tributed as {L,R); 

• a sequence (/„)„gN of independent integer random variables, where each /„ is uniformly 
distributed on the indices {1, 2, . . . , n}; 

• a stochastic process {iyt)t>o with values in N and P{i^t ^ n} ^ e^*(l — e^*)"^^. 
We assume further that 



{In)n>l, {Ln,Rn)n>l, {Xn)n>l and (t't)t>0 

are stochastically independent. The random array of weights [Pj.n : J = 1, ■ 
defined as follows: 



1 'T^]n>i is recursively 



and. for any n > 2, 

(12) (/3l,n+lj • ■ • 7 /?n+l,ri+l) 

Finally set 



Pi,i-=l, (/3i,2,/?2.2) (ii,i?i) 

{Pl,n, ■ ■ ■ , /37„-l,n, in/3/„,n, Rnf3l„,n, /?/„ + !, n, 



(13) 



J2 Pj,nXj and Vt :- W,, = ^^.-'^J 



1 ^n,n)- 




Pj 4-Li Lj 

P2,4=L, L3 
fe,4 = L, R2 R3 
P4,4 ~ R 1 




1 2=1 13=3 
Pi4=Li Lj 

P2,4=Ll R2 
P34 = R 1L3 

P44=RlR3 



Figure 1. Two McKean trees, with associated weights (3. 



There is a direct interpretati on of this constructio n in terms of McKean trees. For an introduc- 
tion to McKean trees, see, e.g., Carlen et al. ( 2000l ). Each finite sequence X„ = (/i,/2, . • ■ ,In-i) 
corresponds to a McKean tree with n leaves. The tree associated to In+i is obtained from the 



CENTRAL LIMIT THEOREM FOR A CLASS OF ONE-DIMENSIONAL KINETIC EQUATIONS 



7 



tree associated to X„ upon replacing the /,i-th leaf (counting from the left) by a binary branching 
with two new leaves. The left of the new branches is labelled with L„, and the right one with i?„. 
Finally, the weights /3j_„ are associated to the leaves of the I„-tree; namely, /3j_„ is the product of 
the labels assigned to the branches along the ascending path connecting the jth leaf to the root. 
The trees with I4 = (1, 1, 2) and X4 = (1, 2, 3), respectively, are displayed in Figure [1] 

In the Wild construction (fTT|) . McKean trees with n leaves are obtained by joining pairs of trees 
with k and n — k leaves, respectively, at a new common root. Wheras our construction produces 
the n leaved trees from the n—1 leaved trees replacing a leaf by a binary branching. In a way, the 
second construction is much more natural — or, at least, more biological! The next proposition 
shows that both constructions indeed lead to the same result. 

In the rest of the paper expectations with respect to P will be denoted by E. 

Proposition 2.1 (Probabilistic representation). Equation ([T]) has a unique solution (f){t), which 
coincides with the characteristic function ofVt, i.e. 

00 

(j){t,0 = E[e'«^'] = - e-*)"E[e'«^"+i] {t > 0, ^ e R). 

n=0 



Pro of. The respective proof for the Kac case is essentially already contained in McKean ( 1966[ ) 



See Gabetta and Reeazzini 1 (l2006b[ ) for a more complete proof. Here, we e xtend the argument to 



the problem ([T]). First of all it is easy to prove, following IWildl (|l95ll ) andlMcKeanI (Il966( 



formulas (fTO|) and pT|) produce the unique solution to problem ([T]). See also Sznitman I ( 198' 



that 



Hence, comparing the Wild sum representation (jlOp and the definition of Vt in ([T5)) . it obviously 
suffices to prove that 

(14) g,_i(0=E[e'«^'], 

which we will show by induction on £ > 1. First, note that E[exp(i^W"i)] — ¥,[cxp{i^Xi)] = 
<l>oiO = QoiO and 

E[e'i^'] =E[e'i^^'^'+^'^'^ = E[E[e'^<'^'^'+^'^'-^\Li, Ri]] = qi{^), 



which shows ([T4| for £ = 1 and 1 = 2. Let n> 3, and assume that (|14p holds for all 1 < £ < n; we 
prove (fT4|l tor £ = n. 

Recall that the weights /3j.„ are products of random variables Li and Ri. By the recursive 
definition in ()12p . one can define a random index A'„ < n such that all products (3j^n with j < K„ 
contain Li as a factor, while the remaining products /3j^„ with Kn + 1 < J < ?^ contain (In 
terms of McKean trees, /\„ is the number of leaves in the left sub-tree, and n — Kn the number 
of leaves in the right one.) By induction it is easy to see that 

P{K^ = i} = ^— j = l,...,n-l; 

n — 1 

c.f. Lemma 2.1 in ICarlen et al] (|2000l ). Now, 



are conditionally independent given Kn- By the recursive definition of the weights f3j n in (|12p . 
the following is easily deduced: the conditional distribution of A^^, given {Kn = k}, is the same 
as the (unconditional) distribution of X]j=i f^j,k^ji which clearly is the same distribution as that 
of Wk. Analogously, the conditional distribution of Bk„, given {Kn = k}, equals the distribution 
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of Yl^=i f^j,n-k^j, which further equals the distribution of Wn-k- Hence, 



1 " " 

E[e^«^^"] = ^ ^E[e^«(^i^'=+«^^'=)|{A-„ = k}] 

" k=l 
n — 1 



n — 1 

k=l 

^ n — 1 ^ n— 2 

i=o 

which is 9,1-1 by the recursive definition in (jlip . □ 

3. Convergence results 

In order to state our results we need to review some elementary facts about the central limit 
theorem for stable distributions. Let us recall that a probability distribution is said to be a centered 
stable law of exponent a (with < a < 2) if its characteristic function is of the form 

( cxp{-fc|C|"(l-ir;tan(7ra/2)sign^)} if a G (0, 1) U (1, 2) 

(15) gM) = l exp{-fc|^|(l + 2z77Alog 1^1 signal if a = 1 

[ CXp{-cr2|^|2/2} if a ==2. 

where k > and \r]\ < 1. 

By definition, a distribution function F belongs to the domain of normal attraction of a stable 
law of exponent a if for any sequence of independent and identically distributed real- valued random 
variables (X„)„>i with common distribution function F, there exists a sequence of real numbers 
(cn)n>i such that the law of 

1 " 

i—1 

converges weakly to a stable law of exponent a S (0, 2]. 

It is well-known that, provided a ^ 2, F belong to the domain of normal attraction of an 
a-stable law if and only if F satisfies 

lim a;"(l - F(a;)) = c+ < +00, 

(16) 

lim \x\°'F{x) = c < +00. 

X — > — oo 

Typically, one also requires that c+ + c~ > in order to exclude convergence to the probability 
measure concentrated in x = 0, but here we shall include the situation c+ = = as a special 
case. The parameters k and ri of the associated stable law in (jl5p arc identified from c+ and c~ 
by 

(17) fc = (c++c-) ^ --, r,= ^—^, 

21 (a) sm(7ra/2) c+ 4- c 

with the convention that ?/ = if c+ + = 0. In contrast, if a 2, F belongs to the domain of 
normal attraction of a Gaussian law if and only if it has finite variance a^. 

For more information on s table laws and cent ral limit theorem see, for example, Chapter 2 of 



Ibragimov and Linnik I (|l97lh and Chapter 17 of iFristedt and Grav I (|1997| ). 



3.1. Convergence in distribution. We return to our investigation of solutions to the initial 
value problem IT])-©. For definiteness, let the two non-negative random variables L and R, which 
define the dynamics in ([2]), be fixed from now on. We assume that they satisfy 

(18) E[i" + i?"] = l 

for some number a G (0, 2]. We introduce the convex function S : [0, oo) — > [—1, oo] by 

S{s) = E[L' +R'] - 1, 
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where we adopt the convention 0*^ = 0. From it follows that S{a) ~ 0. Recall that _fo is the 
probability distribution function of the initial condition Xq for ([1]) , and its characteristic function 
is (^0- 

The main results presented below show that if Fq belongs to the domain of normal attraction 
of an a-stablc law, then the solution (j){t; ■) to the problem (I!])-© converges, as t +oo, to the 
characteristic function of a mixture of stable distributions of exponent a. The mixing distribution 
is given by the law of the limit for n oo of the random variables 

n 

which are defined in terms of the random weights defined in (fT2|) . The content of the following 
lemma is that M^f^ converges almost surely to a random variable Afi^' . 

Lemma 3.1. Under condition ()18p. 

(19) = E[a4")] = 1 /or aUn>\ and t > 0, 

and M,!""* converges almost surely to a non-negative random variable M^"^ . 
In particular, 

• if + i?" = 1 a.s., then S{s) > for every s < a and S{s) < for every s > a. 
Moreover, = M^'^ ~ 1 almost surely; 

• if P{L" + = 1} < 1 and if S{'y) < for some < 7 < a, then Alj^"^ = almost surely; 

• ifP{L'^ + i?" = 1} < 1 and if S{-f) < for some 7 > a, then M^'^ is a non- degenerate 
random variable with E[M^^] = 1 and E[(Mi^'')a] < +00. Moreover, the characteristic 
function of m!^^ is the unique solution of 

(20) m = lE[^(eL")^(ei?")] (e e R) 

with —itp'^O) = 1. Finally, for any p > a, the moment ]E[(Afi^^)'£] is finite if and only if 
S{p) < 0. 

We are eventually in the position to formulate our main results. The first statement concerns 
the case where a ^ 1 and a ^ 2. 

Theorem 3.2. Assume that (fT8|) holds with a G (0, 1) U (1, 2) and that 5(7) < for some 7 > 0. 
Moreover, let condition (jl6p be satisfied for F ~ Fq and let Xq be centered if a > 1 . Then Vt 
converges in distribution, as t ^ +00, to a random variable Vao with the following characteristic 
function 

(21) (/.oo(0 = E[exp(i^Ko)] = E[exp{-|erfcA/4")(l - i77tan(7ra/2) signO}] (? e »), 

where the parameters k and rj are defined in (|17p . In particular, Voc is a non-degenerate random 
variable if c'^ + c~ > and 7 > a, whereas Voo — a.s. if ~ c^ = 0, or if ^ < a. Moreover, if 
L" -\- R" — 1 a.s., then the distribution of Voo is an a-stable law. Finally, if Voc is non- degenerate, 
then ¥,[\Voc}\^] < +00 if and only if p < a. 

If = c+ then the limit distribution is a mixture of symmetric stable distributions. For 
instance this is true if Fq is the distribution function of a symmetric random variable. 

If a < 1 and Xq > 0, then clearly c~ = and the limit distribution is a mixture of positive stable 
distributions. Recall that a positive stable distribution is characterized by its Laplace transform 
s I—!- exp(— fcs"); hence, in this case, 

E[exp(-syoo)] = E[exp{-s"fcAf^)}] for all s > 0, with k = c+ /+°° ^^'J'+P dy. 

A consequence of Theorem l3.2l is that if E[|Xo|"] < 00, then the limit Voo is zero almost surely, 
since c"*" = c~ = 0. The situation is different in the cases a = 1 and a ~ 2, where Voo is non-trivial 
provided that the first respectively second moment of Xq is finite. 
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Theorem 3.3. Assume that ^TE\\ holds with a = 1 and that S{'y) < for some 7 > 0. // the 
initial condition possesses a finite first moment thq — E[Xo], then Vt converges in distribution, as 
t +00, to Vac moM^\ In particular, Voa is non- degenerate if j > 1 and mo 7^ 0, whereas 
Voo = if 7 < 1. Moreover, if L + R~ 1 a.s., then Voo = mo a.s. Finally, if Voo is non- degenerate 
and p > I, then E[|Voo|^] < +00 if and only if S{p) < 0. 

We remark that under the hypotheses of the previous theorem, the first moment of the solution 
is preserved in time. Indeed one has, 

E[Vt] = E[E[E;1i f3i,u„. ■ ■ , = moE[M,W] = mo, 

where the last equality follows from ([1 



Theorem 13.31 above is the most natural generalization of the results in iMatthes and Toscani 



(|2008r ). where the additional condition E[|Xo|^"'''^] < 00 for some e > has been assumed. The 
respective statement for a = 2 reads as follows. 

Theorem 3.4. Assume that (fT8)) holds with a = 2 and that S{j) < for some 7 > 0. // 
E[Xo] = and = E[Xq] < +00, then Vt converges in distribution, as t +00, to a random 
variable Voo with characteristic function 



(22) (/)oo(0 = E[cxp(zeKx>)] =E 



exp(_e^^iV42); 



In particular, Voo "is a non-degenerate random variable i/7 > 2 and > 0, whereas Voo = a.s. 
j/7 < 2. Moreover, if + ^ 1 a.s., then Voo is a Gaussian random variable. Finally, if Voo 
is non- degenerate and p > 2, then E[|V^oo|''] < +00 if and only if S{p) < 0. 

Some additional properties of the solution Vt should be mentioned: centering is obviously 
propagated from the initial condition Xq to the solution Vt at all later times t > 0. Moreover, 
under the hypotheses of the theorem, the second moment of the solution is preserved in time. 
Indeed, taking into account that the Xi are independent and centered, 

E[Vt^] = E[E[E;,Ui P,,,,^k..,XjXk\iyt, . . = = a\ 

where we have used (|19p in the last step. 

The technically most difficult result concerns the situation a = 1 for an initial condition of 
infinite first moment. Weak convergence to a limit can still be proven if E[|Xo|] = 00, but the law 
of Xq belongs to the domain of normal attraction of a 1-stable distribution. However, a suitable 
time-dependent centering needs to be applied to the random variables Vt- 

Theorem 3.5. Assume that (jl8p holds with a — I and that 5(7) < for some 7 > 0. Moreover, 
let the condition (|16|) be satisfied for F ~ Fq. Then the random variable 

(23) V(* := Vt - ^ where q^.n := sm{f3j^nx)dFo{x), 

j=i K 

converges in distribution to a limit V^ with characteristic function 

(24) -E[exp(zCK;)] -E[cxp{-|C|fcAfW(i + 2*r7Alog|e|signC)}] (^ G M) 

where the parameters k and 77 are defined in (jl7p . In particular, Voo is a non- degenerate random 
variable if c'^ -\- c~ > and 7 > 1, whereas Voo ~ a.s. if c'^ = = 0, or if j < 1. Moreover, 
if L + R ^ 1 a.s., then the distribution of Voo is a 1-stable law. Finally, if Voo is non- degenerate, 
then E[|14o|^] < +00 */ o,nd only if p < 1. 

3.2. Rates of convergence in Wasserstein metrics. Recall that the Wasserstein distance of 
order 7 > between two random variables X and Y is defined by 

(25) W^(X,Y):= inf (ElX' - r'r)!/'"''^^^'^). 

{X',Y') 

The infimum is taken over all pairs {X' , Y') of real random variables whose marginal distribution 
functions are the same as those of X and Y, respectively. In general, the infimum in ([25]) may be 
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infinite; a sufficient (but not necessary) condition for finite distance is that bot h E[|X|^ ] < oo and 
E[|y|'''] < 00. For more information on Wasserstein distances see, for example, iRachevI (|l99ll) . 

Recall that the Vt are random variables whose characteristic functions 4>{t) solve the initial 
value problem ([T]) for the Boltzmann equation for t > 0, and Voo is the limit in distribution of Vt 
as t — > oo. 

Proposition 3.6. Assume ((T8|) and 5(7) < 0, for some 7 with l<a<j<2ora<j<l. 
Assume further that (|16p holds if a^l, or that '&^Xq\'^] < +00 if a = 1, respectively. Then 

(26) W^iVt,Voo) < AW-,iXo,Voc)e-'''\^^''^\, 
with A = B~lif^<l, or A ~ 2^^^ and _B = i/7 otherwise. 

Clearly, the content of Proposition 13.61 is void unless 

(27) W.,(Xo,yoo) <oo. 

In the case a = 1, the hypothesis EjXol''' < +00 guarantees ((27|) . In all other cases, ((27|) is a 
non-trivial requirement since, by Theorem 13. 2i either Vcxi = or E[|Voo|"] = +00. The following 
Lemma provides a sufficient criterion for ()27|) . tailored to the situation at hand. 

Lemma 3.7. Assume, in addition to the hypotheses of Provosition [X^ that j < 2a and that Fq 
satisfies hypothesis (|16p in the more restrictive sense that there exists a constant K > and some 
< e < 1 with 

(28) |l-c+a;'" -Fo(x)| < /or a; > 0, 

(29) |Fo(x) -c^(-a;)-"| < if(-x)-("+^' /or x < 0. 

Provided that 7 < a/(l — e) it follows y^'y{Xo^Voo) < 00, and then estimate (I26p is non-trivial. 

3.3. Strong convergence of densities. As already mentioned in the introduction, under suit- 
able hypotheses, the probability densities of /i(t) exist and converge strongly in the Lebesgue 
spaces L^{R) and L'^{R). 

Theorem 3.8. For given a € (0, 1)U(1,2], let the hypotheses of Theorem \3.S\ or Theorem \3.4\ hold 
with 7 > a. Assume further that (|16p holds with c~ + c'^ > if a < 2, so that the Vt converges 
in distribution, as t — > -|-oo, to a non-degenerate limit Voc. Moreover assume also that 
(HI) U + >l a.s. for some r > 0, 

(H2) Xq possesses a density fo with finite Linnik- Fisher functional, i.e. h :— ^/Jq G H^(M.), or 
equivalently, its Fourier transform h satisfies 



I \e\m\'di<+^. 



Then, the random variable Vt possesses a density f{t) for all t > 0, Voo has a density /oo, and the 
f{t) converges, as t -\-oo, to /oo in any L^'(K) with 1 < p < 2, that is 



hm / \fit;v)-f^{v)\Pdv = 0. 

Remark 1. Some comments on the hypotheses (HI) and (H2) are in order. 

• In view of S{a) = \, condition (HI) can be satisfied only if r < a. Notice that (HI) 
becomes the weaker the smaller r > is; in fact, the sets {(x,y)\x''' -f- y"" > 1} C 
exhaust the first quadrant as r \ 0. 

• The smoothness condition (H2) is not quite as restrictive as it may seem. For instance, 
recall that the convolution of any probability density /o with an arbitrary "mollifier" of 
finite Linnik- Fisher functional (e.g. a Gaussian) produces again a probability density of 
finite Linnik-Fisher functional. 

4. Proofs 

We continue to assume that the law of the random vector (L, R) is given and satisfies with 
a e (0, 2], implying S{a) = 0. 
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4.1. Properties of the weights 3^ „ (Lemma | 3.1 | ). In this subsect ion we shall prove a gener- 
alization of a useful result obtained in iGabetta and Regazzini I (j2006a[ ). Set 

(30) Gn — {Ii, ■ ■ ■ , In-l, Li, Ri, . . . , L„_i, Rn-l). 

and denote by Qn the cr-algebra generated by G„ . 

Proposition 4.1. If¥,[L^ + i?"] < +oo for some s > 0, then 

T{n. + S{s)) 



r(n)r(5(s) + 1) 



If in addition S(s) ~ 0, for some s > 0, then Mn^ is a martingale with respect to {Gn)n>i- 
Proof. Recall that (/3i^i, /3i_2, /32, 2, is 5„~measurable, see ([T2|) . We first prove that 



E[M^!^;^|f/„] — Mn'{l +S{s)/n), which implies that Mn' is a (f/„)„-martingale whenever S{s) 



0, since Mn^ > and, as we will see, E[MA^''] < +oo for every n > 1. To prove the claim write 

n n+1 



1=1 



E 



E 



0j,n+l + ft, n+1 + ft+l,n+l 

J = l,...,n+l,j7^i,i+l 



n 

[ E i{/„ - ( 5] /?!,„ + PUK + K - 1) 
1=1 j=i 

n 

Mi^^+S{s)E[Y,Hln = ^}PUG. 



Gn 



= M(^) + S{s) E /3|,„E[I{/„ = *}] = (1 + Sis)/n). 
Taking the expectation of both sides one gets 

e[m(^:)i] = e[a4^)](i + 15(.)). 

n 

Since E[A/2^'*''] = S{s) + 1 it follows easily that 



n-l 



r(n + 5(s)) 



r(n)r(5(,s) + 1) 

To conclude the proof use formula 5.2.13.30 in Prudnikov et al. 1 ( 1986f ) 
Lemma 4.2. If S{j) < for some 7 > 0, then 

P(n) ■= max /3j,„ 

l<J<n 

converges to zero in probability as n ^ +00. 
Proof. Observe that, for every e > 0, 



P{Pin)>e}<P{Y,Pl^>e-'] 

and hence, by Markov's inequality and Proposition 14. 11 

PI/3, ,>e}< -ElM^^^] - 1 r(n + 5(7)) ^1^5(7) 
nft«) > < J - r(n)r(5(7) + 1) - ' 



□ 
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The last expression tends to zero as n ^ oo because 5(7) < 0. 



□ 



Proof of Lemma \3.1\ Since S{a) ~ 0, the random variables mI""* form a positive martingale with 
respect to {Qn)n by Proposition |4?ll By the martingale convergence theorem, see e.g. Theorem 19 
in Chapter 24 of iFristedt and Gray ( 1997 ). it converges a.s. to a positive random variable 
with E[A/i^^] < E[Af^"^] = 1. The goal of the following is to determine the law of m'£^ in the 
different cases we consider. 

First, suppose that + i?" = 1 a.s. It follows that < 1 and i?" < 1 a.s., and hence 
S{s) < S{a) = for all s > a. Moreover, it is plain to check that A/,!"' = 1 a.s. for every n, and 
hence Afi^-* = 1 a.s. 

Next, assume that 5(7) < for 7 < a. Minkowski's inequality and Proposition 14. II give 



1 



T{n)T{S{j) + 1) - ■ ■ 



Hence, Ali"^ converges a.s. to 0. 

It remains to treat the case with 5(7) < and 7 > a. Since S{-) is a convex function satisfying 
S{a) = and 5(7) < with 7 > a, it is clear that S'{a) < 0; also, we can assume without loss of 
generality that 7 < 2a. Further, by hypothesis. 

E[(L" + i?")i+(7/"-i)] < 2T/"-iE[iT + < +00. 

Hence, one c an resort to Theorem 2(a) of Durrett and Liggett ( 1983[) — see also Corollaries 1.1, 
1.4 and 1.5 in iLiu I (|l998l) — which provides existence and uniqueness of a probability distribution 
i^oc 7^ on R"*", whose characteristic function is a solution of equation (j20[) . with J^^ xVoo{dx) = 
1. Moreover, Theorem 2.1 in [Liu. 1 (l200d) ensures that x^/°'Voo{dx) < +00 and, more generally, 
that x^^"'Voa{dx) < +00 for some p > a if and only if S{p) < 0. 

Consequently, our goal is to prove that the law of M^'' is i/qo- In what follows, enlarge the 
space {fl,J-,P) in order to contain all the random elements needed. In particular, let (Mj)j>i 
be a sequence of independent random variables with common characteristic function -0, such that 
(Mj)j>i and (G'„)„>i, defined in (|30p . arc independent. Recalling that ip is a. solution of it 
follows that, for every n > 2, 



E 



n 

exp{»^^/3^„Af,} 

{< 



n~l 
k=l 



-E 



exp ■ 



k-l 



]=k+l 



E 



n— i 

cxp{ze5^/3^„_iAf,} 



By induction on n > 2, this shows that X)j=i ■^jP'jn ^^le same law as Mi, which is Voo- Hence 



n 

W^^;:(M("),Afi)<E[|5]/3^„ 



E 



E 



(1 - M,)I31^ 



7/q 



Qn 



We shall now employ the following result from Ivon Bahr and Esseen I (|l965[ ). Let 1 < 77 < 2, and 
assume that Zi,. . . ,Zn are independent, centered random variables and E|Zj|'' < +00. Then 



(31) 



14 



FEDERICO BASSETTI, LUCIA LADELLI, AND DANIEL MATTHES 



Wc apply this result with r] = ^/a and Zj = /9"„(1 — Mj), showing that 



E 



71 

[|5](l-M,)/3^„ 



7/c 



Gn 



3 = 1 



1 - M, 



j/a 



Gn 



almost surely. In consequence, 

n 

(32) w:;j:{Mt\Ah)<2E[Y,pi^ 



E 



|1- A/ip/" 



By means of Proposition 14.11 one obtains 

This proves that the law of M^"'' converges with respect to the W^/a metric - and then also weakly 

- to the law of Mi. Hence, has law i^oc- The fact that Mt^-* is non-degenerate, provided 

L" + i?" = 1 does not hold a.s., follows immediately. □ 

4.2. Proof of convergence for a ^ 1 (Theorems 13.21 and [374]) . Denote by B the cr-algcbra 
generated by {/3j,n : n > 1, j = 1, . . . , n}. The proof of Theorems 13.21 and 13.41 is essentially an 
application of the central limit theorem to the conditional law of 

n 

given B. Set 

where, by convention, Fq{-/0) := I[[o.+oo)(')- ^^^^^ subsection we will use the functions: 

n n 

C„(x) :==I{a;<0}^Q,-„(x)+I{a;>0}^(l-Q,-„(a;)) {x e R) 
<^^)--=il{l dQ,,^{x) - ( f xdg,-„(x))'} (e>0) 

•= |l - - %"(-!) + / xdQj.nix)}. 

7^ ^ J(-iM 



In terms of Qj^n, the conditional distribution function Fn of IV„ given S is the convolution, 

Ffi ^ Ql.n * • • • * Qn,n- 

To start with, we show that the Qj.nS satisfy the uniform asymptotic negligibility (UAN) assump- 
tion ((341) below. 

Lemma 4.3. Let the assumptions of Theorem \3.4\ or Theorem \ 3.5\ be in force. Then, for every 
divergent sequence {n') of integer numbers, there exists a divergent subsequence {n") C {n') and a 
set Qq of probability one such that 

lim mI?}{u;) = M^^\lo)<oo, 

(33) ""^+°° 

lim /3(„»)(a')=0, 

holds for every u; £ VIq. Moreover, for every uj € ^Iq and for every e > 

(34) lim max |l - Qj.n"{e) + Qj.n"{-e)} = 0. 
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Proof. The existence of a sub-sequence (n") and a set Qq satisfying (j33p is a direct consequence 
of Lemmata 14.21 and 13.11 To prove ([M)) note that, for < a < 2 and a ^ 1, 

max (l - g^, „" (e) + Qj,n" (-e)) < 1 - i^o f 



l<j<n" \ / \ /:((„„■)/ VP(„" 

The claim hence fohows from (1551). □ 



Lemma 4.4. Let t/ie assumptions of Theorem \3.2\ be in force. Then for every divergent sequence 
(n') of integer numbers there exists a divergent subsequence (n") C (n') and a measurable set fig 
of probability one such that 

(35) hm E[e'^^""\B]ioj) =exp{~\^\°'kM^\Lu){l-iT]t'An{TTa/2)sign^)} e M) 

n" — >+oc 

for every uj in ^Iq. 

Proof. Let (n") and JIq be the same as in Lemma [4.31 To prove (|55|) . we apply the central limit 
theorem for every a; G fio to the conditional law of Wn" given B. 

For every lo in Qq, we know that Fn" is a convolution of probability distribution functions 
satisfying the asymptotic negligibility assumption Here, we shall use the general version of 

the central limit theorem as presented e.g., in Theorem 30 in Section 16.9 and in Proposition 11 
in Section 17.3 of Fristedt and Gray I ( 1997 ). According to these results, the claim ([55]) follows if, 
for every a; G Hq, 

(36) ,lim C„"(a;) = ^^ (x > 0), 

(37) ,lim C„,ix)^—-^ (x<0), 

(38) lim lim sup cr^„(e) = 0, 

(39) ^im = ^AfW(c+-c-) 

Ti"— »+oo i — a 

are simultaneously satisfied. 

In what follows we assume that P{L = 0} = = 0} = 0, which yields that /3j_„ > almost 
surely. The general case can be treated with minor modifications. 

In order to prove (|36p . fix some a; > 0, and observe that 

n" n" oa 

Cn"ix) = - = Ell - Fo{pv^,,xmT^,,xr^. 

Since limj,^+oo(l — ^o(y))y" = c"*" by assumption (fTO)) . for every e > there exists aY = ^(e) 
such that if y > Y, then c+ — e < (1 — Fo{y))y°' < c"*" + e. Hence if a; > /3(„//)y, then 

n" 

(40) x--{c+ - 6)Af(^) < - ^o(/3-^.^)) < x-"(c+ + 6)Af^^\ 

In view of (|33p . the claim ([5S|) follows immediately. Relation ([57)) is proved in a completely 
analogous way. 

In order to prove ([55]) . it is clearly sufficient to show that for every e > 



(41) 



lim sup E / x^dQj,n"{x) < CM^^e^-" 



with some constant C independent of e. Recalling the definition of Qj,n, an integration by parts 
gives 

x^dFo = -e^ [1 - Fo {f3-^,e)] + 2 f x[l - Fo (/?-»] dx, 

(0,e] ' Jo 
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and similarly for the integral from — e to zero. With 

(42) K := supa;"[l - i^(a:)] + sup(-x)"F(x), 

which is finite by hypothesis it follows that 

/ x^dF^{Pjl^x) < 2Ke\Pjl^e)-^ + AK^l^ f x'-" dx < 2k(i + 

J(-e,+t\ Jo \ A — OLJ 

To conclude (gT]), it suffices to recall that Y.j = ^4"^ ^j^^ by 

In order to prove we need to distinguish if < a < 1, or if 1 < a < 2. In the former case, 
integration by parts in the definition of 7^„" reveals 

Vn" = J Cn"{x)dx. 

Having already shown (j36p and (|37|) , we know that the integrand converges pointwise with respect 
to X. The dominated convergence theorem applies since, by hypothesis (|16p . 

(43) \C,,.{x)\<K\x\-"snpM^?} 

n" 

with the constant K defined in ([32]); observe that |a;|^" is integrable on (—1,1] since we have 
assumed < a < 1. Consequently, 

fO rl + _ - 
\imi]n" =c-M^U |a;r"dx + c+Af^M {xl"" dx = 

It remains to check (j39p for 1 < a < 2. Since J^x dQj^n"ix) ~ 0, one can write 

Vn" = Vn" - / Xd(9j,„"(x) = - ^ / {1 + x)dQj,n"{x) / {x - l)dQ j^n" (x) ■ 

Similar as for < a < 1, integration by parts reveals that 



(44) r]n" = / Cn"{x)dx. 

J{\x\>l} 

From this point on, the argument is the same as in the previous case: p6|) and ([37]) provide 
pointwise convergence of the integrand; hypothesis ([TB]) leads to ([^5]) . which guarantees that the 
dominated convergence theorem applies, since |a;|~" is integrable on the set {|a;| > 1}. It is 
straightforward to verify that the integral of the pointwise limit indeed yields the right-hand side 

of □ 



Proof of Theorem \3.2l By Lemma 14.41 and the dominated convergence theorem, every divergent 
sequence (n') of integer numbers contains a divergent subsequence (n") C (n') for which 

(45) lim E[exp{i$W„4] = Efexpj - |$|"fcAfi^)(l - M7tan(7ra/2) sign^)}] , 

where the limit is pointwise in ^ G K. Since the limiting function is independent of the arbitrarily 
chosen sequence {n'), a classical argument shows that (j45p is true with n +oo in place of 
n" +00. In view of Proposition [2Tll the stated convergence follows. 

By Lemma 13. 1[ the assertion about (non)-degeneracy of Voo follows immediately from the 
representation (|2ip . To verify the claim about moments for 7 > a, observe that (|2ip implies that 

(46) E[|Kon= / \xfdF^ix)^E[{M^^y] [ \ufdG^{u), 

Jr Js. 

where Ga is the distribution function of the centered a-stable law with characteristic function 
defined in ([T5l). 



The p-th moment of Mi^-* is finite at least for all p < 7 by Lemma [3T] On the other hand, the 
p-th moment of Ga is finite if and only if p < a. □ 

The following lemma replaces Lemma [4.41 in the case a = 2. 
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Lemma 4.5. Let the assumptions of Theorem \3.4\ hold. Then for every divergent sequence [n') of 
integer numbers, there exists a divergent subsequence {n") C (n') and a set fio of probability one 
such that 

lim E[e*«^"" \B]{uj) = e-«'^*^-'(") € K) 

n" — ^+00 

for every lu m f2o • 

Proof. Let (n") and Oq have the properties stated in Lemma [131 The claim follows if for every uj 
in Oo, 

(47) lim Cn"ix) = (x^O), 

n" — >+oo 

(48) lim ^Um al.,{e) ^ MI^\ 

e— >0+ n"—*+oo 

(49) lim r^n" = 

n" — *+C5C 

arc simultaneously satisfied. 
First of all note that since 

y\l-Fo{y))< f x^dFoix) and y^Foi-y) < f x^dF^ix) {y > 0) 

and /g x'^dFQ{x) < +00, it follows that Umy^+00 2/^(1 — Fo{y)) = liniy^-oc y^{Fo{y)) = 0. Hence, 
given e > 0, there exists SiY — Y{e) such that j/^(l — Fo{y)) < e for every y > Y. Since 

n" 

Cn"{x) = J2(^ln"^^'{l - Fo(/3-l„z))/32„„/x2 (z > 0), 

one gets 

C«"(x)<eM(??l 

whenever x > l3(n")Y ■ In view of property the first relation (|47p follows for x > 0. The 

argument for a; < is analogous. 

We turn to the proof of ((48)) . A simple computation reveals 

n" 

4" (e) := E / x^dQ,,n" {x) = aH0 - R,,,, , 
,=iA-^,^] 

with the remainder term 

Rn" - Y.Pln- I X^dFoix) < M^^} f X^dFoix). 

j = l Al3j,n"X\>>: "'|/3(„")^l>« 

Invoking property (j33p again, it follows that i?„" — > as n" — > (3o; recall that Fq has finite second 
moment by hypothesis. Consequently, 

(50) ,hm 4„(e) = a2A42) 

n — >+oo 

for every e. Since J-^x dQj^ni^) = 0, 

f2 ( / 2;dQ,-„(x))' < j2f^ln"{ I xdFoix))' < ( / |xMFo(x))'^/3|.„„, 

which yields that 

lim ( [ xdQ J ^nix)) =0. 

Combining this last fact with ([50)) gives (|15)) . 

Finally, in order to obtain (|15)) . we use (|17)) and the dominated convergence theorem; the 
argument is the same as for (jH)) in the proof of Lemma 14.41 □ 
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Proof of Theorem \3.4\ Use Lemma 23] and repeat the proof of Theorem 13. 21 A trivial adaptation 
is needed in the calculation of moments if 7 > 2: consider (|46p with Ga — G2, the distribution 
function of a Gaussian law, and note that it posses finite moments of every order. Hence E[|K>o I''] is 
finite if and only if E[(M,^ '')''] is finite, which, bv Lemma l3.1i is the case if and only if iS(p) < 0. □ 

4.3. Proof of convergence for a ~ 1 (Theorems 13.31 and [375]) . Let us first prove Theorem 
13.51 We shall apply the central limit theorem to the random variables 



w: 



with 



defined in 



In what follows, 

Qj.n (■^) 



The next Lemma is the analogue of Lemma 14.31 above. 

Lemma 4.6. Suppose the assumptions of Theorem \3.5\ are in force. Then, for every S G (0, 1), 



(51) 



sin(/3j,„s)dFo(s) 



with Cs = J^\x\^-^dFo{x) < +00. Furthermore, for every divergent sequence (n') of integer 
numbers, there exists a divergent subsequence (n") C (n') and a set Qq of probability one such that 
for every lu in f2o cii^-d- for every e > 0, the properties p3[) and ([34]) are verified. 



Proof. First of all note that Cs < +00 for every 6 G (0,1) because of hypothesis HH). Using 
further that | sin(x)| < \x\^-^ for 5 e (0, 1), one immediately gets 



\qj,n\ = I sin(/3j,„s)(iFo(s) 

JR 

To prove ([34]) note that, as a consequence of ([5T 

e + qj 



< / \sr'dFo{s) 



1-5, 



Clearly, the expression inside the bracket is positive for sufficiently small 
Hq in accordance to Lemma l473l it thus follows 



Defining (n") and 



1 - Qj.n"{e) + Q,.n"he)) < 1 - Fo{c(3^„],^) + Fo{~cl3^„],^) 
for a suitable constant c depending only on e, S and Fq. An application of ([33]) yields ((34|) . 



max 

l<j<n" 



□ 



Lemma 4.7. Suppose the assumptions of Theorem \3.5\ are in force, then for every divergent 
sequence {n') of integer numbers there exists a divergent subsequence {n") C (n') and a measurable 
set flo with P{^o) = 1 such that 

(52) hm Eie^^'^n*" |S] (a>) = exp{-|e|fciAfW(^^) (1+^277 log lei signal i^eR) 

n" — > + oo 

for every lu in ^Iq. 

Proof. Define {n") and f^o according to Lemma implying the convergencics ([55]) . and the UAN 
condition (l34l) . In the foll owing, let w S J7o be fixed. In view of Proposition 11 in Section 17.3 of 
Fristedt and Grav I (|l997t l the claim ([52]) follows if ([36]), ([37]) and ([38]) are satisfied with a = 1, 



and in addition 
(53) 



n—>--\-oc ' 



hm E / x{t)dQj,n-{t)=M^^\c+ -C-) 



X{t) - sin(^) 
t^ 



dt 



with x(i) = -l{t < -1} + tl{-l <t<l} + I{t> 1}. 

Let us verify ((55]) for an arbitrary x > 0. Given e > 0, there exists some Y — Y{e) such that 

(54) c+-e<y(l-Fo(j/))<c++e 
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for all y >Y because of hypothesis (jl6|) . Moreover, in view in Lemma 

_ X + qj^n" ^ ~ '-'l/2P(n") 
Pj,n" P{n") 

which clearly diverges to +00 as n" — > 00 because of ([33]); in particular, ijj.n" > Y for n" large 
enough. It follows by (|54p that for those n", 

(55) ""l'^ f3,,„" < 1 - F{y,,,,„) < ^^±^/?^- „„. 

Recalling that Cn"(^) = X^j^il^ ~ ^iyj,n")], summation of ([55|l over j = 1, . . . ,n" gives 



Finally, observe that |(7j,n"| < Ci/2P^lf,-^ ^ as n" oo, and that M^^} by ((33|) . Since 

e > has been arbitrary, the claim ([55]) follows. The proof of ([57)1 for arbitrary a; < is completely 
analogous. 

Concerning (|38p . it is obviously enough to prove that 
(56) lim hmsup s^'/(e) = 



£^0 



n" — '+00 



where s^//(e) := X]j=i /(_e e] x^dQj^n"{x). We split the domain of integration in the definition of 
s^// at a; = 0, and integrate by parts to get 



n" n" „ 

sl„ (e) = - X! '^j-n" (-£) ~ X! / '^j-ri" {u)2udu 

n' n ' ^ 

- V(l - gj.„"(e)) + y / (1 - Qj,n"{u))2udu 



, = 1 , = l-^(0,e] 

=:A„,,(e) + S„,,(e) + C„..(e) + Z?„"(e). 



Having already proven p6|) and ([37)) . we conclude 

(57) lim lim {|A„"(e)| + |C„4e)|} = 0. 

e— »0+ n"— ►+00 

Fix e > 0; assume that n" is sufficiently large to have |(?j,n"| < e/2 for j = 1, . . . ,n". Then 




with the constant K defined in (|^^ . In view of ([55]) . it follows 
(58) lim lim sup |B„/.(e)| = 

as desired. A completely analogous reasoning applies to £>„". At this stage we can conclude ([55)1 . 
and thus also ([55]) . 
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In order to verify let us first show that 



(59) 

We find 



n" „ n" „ 

I / sin(a;)fi(5j,„"(x) = / sin(i/3j.„/' - gj.„/')(iFo(i) 

< ^ cos(gj,„/') / sin(t/3-,,„")fi^b(i) - sin(gj^„") / cos{tl3j,n")dFo{t) 
= ^ (cos(gj,„") - I)gj,„" + (gj>" - sin(9j,„//)) + sin(gj,„//) / (1 - cos{t(3j_n"))dFo{t) 

n" 

<E(l^l| + l^2| + |/3|). 
J = l 

The elementary inequalities | cos(2;) — 1| < and \x — sin(a;)| < /6 provide the estimate 

n" n" 

E (i^ii + < E < ^^i/2/?kV-^"'' ■ 



By ([55]) . the last expression converges to zero as n" — *■ oo. In order to estimate /a, observe that, 
since |1 - cos(a;)| < 2x3/4 f^j. ^, ^ 



(1 - cos(i/3,,„.))t^^^o(i) < 2(3%i / = 2Ci/4/3f„1,. 

Consequently, applying Lemma 14.61 once again, 

n" n" „ 

E l^3| < E / (1 - cos(f/?,,„.))rf^o(t)| < 2C2/4/?J/,^)M«, 



which converges to zero on grounds of 

Having proven (j59p . the condition (j53p becomes equivalent to 



(60) 



E / (XW - sin(t))dg,,„.(i) ^ M(^)(c+ - C-) / 



X(t) - sin(t) 
t2 



The p roof of this fact follows essentially the line of the proof of Theorem 12 of lFristedt and Grav 
(|l997l ). Let us first prove that, if — cx) < x < < y < +oo. 



(61) 



lim 

n" — ^ + oo 



di^n,,it)=M^\c+y-c-x), 



where the sequence (z^„) of measures on R is defined by 



i=i ■ 
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for Borcl sets _B C K. For fixed e e (0, y), one uses (pS)) to conclude 

lim / diyn"{t) = lim (t^ V (l - (3j,„"(i)) ' + 2 / i (l - Qj,n"{t))dt 
= £2 2^ _ ^2 2^ ^ 2 / i —dt 

Notice that we have used the dominated convergence theorem to pass to the limit under the 
integral; this is justified in view of the upper bound provided by (|40[) . In a similar way, one shows 
for fixed e € (0, |a;|) that 



lim / dvn"{t) = {\x\ -e)c-M«. 
Combining this with (j56[) . one concludes 



lim sup / dun"{t) 

n"^oo J(x,y] 

< lim sup lim sup I / (i^'„//(t)+ / dz^„//(t)+ / dvni'{t)\ 

n" „ 

lim(?/ - e)c+Af^) - lim(a; + e)c' M^^ + lim limsupV / t^dQ, n"it) 



< 

= (c+2/-c-x)A./«. 
On the other hand, trivially, 

liminf / d:^„// (i) > lim inf lim inf f / di^n"{t)+ di^n"{t)) = {c~^y - c~x)M^\ 

This proves ((6T|) . Now fix < i? < +oo, and note that ((6T|) yields that for every bounded and 
continuous function / : [— i?, i?] ^ E 

(62) lim / f[t)du,,,[t) = M!^^c- f f[t)dt + M^^^c+ r f[t)dt 

J-R Jo 

holds true. In particular, using f{t) = (x{t) — sint)/i^, for every < i? < +oo. one gets 

lim V / {x{t)-sm{t))dQj,n"{t) 

(63) — 

=Ma)(c^_c-) rm^,, 

Jo 

Moreover, since \x{t) ~ sint| < 2, 

n" „ 

I ^ / ixit) - sin{t))dQ,,„„{t)\ < 2[Cn"{-R) + Cn"{R)]. 

Applying ([36|) and ([37|) one obtains 

/■ 1 
limsup I ^ / (x(t) - sin(t))dgj,„,,(t)| < 2A4")(c+ + c")-. 



which gives 



(64) limsuplimsupl^ / (x(t) - sin(t))dgj,„» (t)| = 0. 



22 



FEDERICO BASSETTI, LUCIA LADELLI, AND DANIEL MATTHES 



Combining (gSD with ^ one gets □ 

Proof of Theorem \3.5[ Use Lemma 14.71 and repeat the proof of Theorem 13.21 □ 

Proof of Theorem \3.3\ . The theorem is a corollary of Theorem 13.51 Since toq = (IFq^x) < oo 
by hypothesis, it follows that c+ = = 0, and so V^* converges to in probability. Now write 



Vt = moA/, 



(1) 



with the remainder 

n 

Rn ^{<l],n - Pj.nmo). 

J = l 

Thanks to Lemma [XTl rnoMl]'' converges in distribution to moiV/i^'' 
converges to in probability. Since 
sin(x) 



It remains to prove that Ri, 



< H{x) := l/6[xH{\x\ < 1} > 1}] < 1/6, 



it follows that 



n „ 
\Rn\<y2f3j,n / 



sm{Pj^nx) 



\x\dFoix) 



< 



V/3j-„ / if(/3,-„x)|x|di^o(a;)<A/« / H{(3^„^x)\x\dFoix). 

Recall that Mn^ converges a.s. to and /3(„) converges in probability to by p3|) . By 

dominated convergence it follows that also H (P(^njx)\x\dFQ(x) converges in probability to 0. 

The (non-)degeneracy of Voo and the (in)finiteness of its moments is an immediate consequence 
of Lemma 13.11 □ 



4.4. Estimates in Wasserstein metric (Proposition [3T6|) . 

Proof of Proposition \3.6\ The proof uses the techniques employed in Lemma 13.11 

We shall assume that yy^(Xo,T4o) < +oo, since otherwise the claim is trivial. Then, there 
exists an optimal pair {X* , Y*) realizing the infimum in the definition of the Wasserstein distance, 

(65) A := >V^'''^('''i)(Xo,Ko) = W^''''^'''^HX*,Y*) = E\X* - Y*p. 

Let {X* ,Y*)j>i be a sequence of independent and identically distributed random variables with 
the same law of {X*,Y*), which are further independent of i3„ = /3i,2, ■ • ■ ,Pn,n)- Conse- 

quently, X]j=i ^jPj,n has the same law of W„, and Pj.n has the same law of Voo- By 

definition of , 



n n 



E 



E 



B,, 



For further estimates, we distinguish two cases. In the first case, 0<q;<7<1, we apply the 
elementary inequality 

'y n 



E^. ^Ei 



for real numbers zi , . . . , z„ to obtain 



r ''^^ 



Bn 



= E 



n 
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where A is defined in (ISS)) . In the second case, 1<q:<7<2, we can apply the Bahr-Esseen 
inequahty (ED) since E{X* - Y*) = E{Xi) - E{Voo) = and E\X* - y/p = W:;{Xo, Voo) < +00. 
Thus, 



A. 



L j=i j=i 
By convexity of the Wasserstein metric, 



Combining the prcvions estimates with Proposition we obtain 



71 



= aAe'-sf^), 

with a=lifO<Q;<7<l and a = 2ifl<a<7<2. □ 

Lemma [5T71 is a corollary of the following. 

Lemma 4.8. Let two random variables Xi and X2 be given, and assume that their distribution 
functions Fi and F2 both satisfy the conditions (j28p and (j29p with the same constants a > 0, 
< e < 1, A' and c^, > 0. Then yV-y{Xi, X2) < 00 for all 7 that satisfy a < 7 < jzr^- 

Proof. Define the auxiliary functions H, and on R \ {0} by 

H{x) = l{x > 0}(1 - C+X-") + l{x < 0}c-\x\-°', H±{x) = H{x) ± K\x\-'^'^+'\ 

so that H- < Fi < H+ for i = 1,2 by hypothesis. It is immediately seen that H{x), H+{x) and 
i?_(x) all tend to one (to zero, respectively) when x goes to +00 (—00, respectively). Moreover, 
evaluating the functions' derivatives, one verifies that H and are strictly increasing on R+, 
and that H+ is strictly increasing on some interval +00). Let ^ > be such that H{R) > 
i/+(-R+); then, for every x > R, the equation 

(66) iJ_ (.t) = iJ (x) = H+ (i) 

possesses precisely one solution pair {x^x) satisfying < x < x < x. Likewise, H and i7+ are 
strictly increasing on R_, and H- is strictly increasing on (—00, — i?_). Choosing R > such that 
H{—R) < H^{—R-), equation ([M)) has exactly one solution (5;,a;) with a; < a:: < i < — i?_ for 
every x < —R. 

A well-known representation of the Wasserstein distance of measures on R reads 



Wf"-(^'i)(Xi,X2) = / l^^f i(y) - F,-\yWdy, 



where F^ ^ : (0, 1) ^ R denotes the pseudo-inverse function of Fi. We split the domain of 
integration (0, 1) into the three intervals {0, H{—R)), [H{—R),H{R)] and {H{R), 1), obtaining: 

W^(Xi,X2)'"^^(^^i) = / \F,-\H{x)) - Fi\H{xWH'{x)dx 

J — 00 

H{R) 

\F^\y) ~ F^\y)y dy 

H{-R) 

+ / \F,-\H{x)) ~ F.^\H{xWH'{x)dx. 

JR 

The middle integral is obviously finite. To prove finiteness of the first and the last integral, we 
show that 

\F{^{H{x)) - x\'^H\x) dx < 00; 
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the estimates for the remaining contributions are similar. Let some a; > i? be given, and let 
X > X > R satisfy From < Fi < H+, it follows that 

F^{x) <H{x) <F^{x), 

whieh implies further that 

(67) x~x <F{^{H{x)) — X < X — X. 
From the definition of H, it follows that 

x = .t(1 + 

with K = K/c^. Combining this with a Taylor expansion, and recalling that i; > a; > _R > 0, one 
obtains 

(68) x-x = x[il + Kx-'f/°' - 1] < a;[(l + nx'^y/"" - l] < Cx^'', 
where C is defined in terms of a, n and R. In an analogous manner, one concludes from 

x^x{l- nx-'Y^f"', 
in combination with < i?+ < x < x and < e < 1 that 

(69) x-x = x[l-{l- ra-')-i/"] > x[l - (1 + Cx-')] = -Cx^-' > -Cx^-\ 
where C only depends on a, k and Substitution of (|68|1 and into (p7|) yields 

/•oo 

|Ff i(i?(a;)) -xpiJ'(x)dx < max(C',C')'' / x^^^-')""-^ dx, 

JR 

which is finite provided that 0<7<q;/(1 — e). □ 



oo 



Proof of Lemma \3. 7[ In view of Lemma 14.81 it suffices to show that the distribution function Fc 
of Voo satisfies and with the same constants c+ and c~ as the initial condition Fq (possibly 
after diminishing e and enlarging K). 

The proof is based on the representation of Foo as a mixture of stable laws. More precisely, let 
Gq. be the distribution function whose characteristic function is ga as in (|15p . then 

Foo (a-) = E [Gc. ( (a4" V^"^) ] , 
see ([?T|) . Since a < 7 < 2a, then there exists a finite constant A' > such that 

|l-c+a;""-G„(a:)| < Kx-^ 

for X > 0, and similarly for a; < 0; see, e.g. Sections 2.4 and 2.5 of IZolotarev diiii)). Using that 
E[Af^^] = 1 and G := E[(Mi^')'^/"] < 00 (since 5(7) < 0) it follows further that 

|l - c+a--" - ^^^(a-)l = |l - c+E[M(^)]x-" - E[G„((A4"')-i/"a;)] | 

< E[|l - c+((M(,"))-V"^)-" _ G„((A/W)-V-x)|] 

< E[A'(A/^))''/"a;"'^] = GXx"'^. 

This proves ([^5]) for Foo, with 6 = 7 — and K' = CK. A similar argument proves (|29p . □ 

4.5. Proofs of strong convergence (Theorem 13. Sp . We shall use the Wild sum representation 
of the solution to the Boltzmann equation, see (fTO|) and The idea is to prove that certain 

^-pointwise a priori bounds on the characteristic functions q„ are preserved by the coUisional 
operator, and hence are propagated from the initial condition to any later time. 
A first intermediate result is 



Lemma 4.9. Under the hypotheses of Theorem \ 3.1A there exists a constant > and a radius 
p>0, both independent ofn>0, such that \qn{0\ < (1 + 0\^\°')~^^'' for all \i\ < p. 
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Proof. By the explicit representation (pij) or (P^ . respectively, we conclude that 

|</'oo(OI < m :=E[exp(-|CrfcM(,"))], 
with the parameter k from pT]) . or fc = if a = 2. Notice further that, by (PO)) . <i> satisfies 

(70) m = m{Lomo]- 

Moreover, since A/^^ ^ 0, E[A-fi^^] 1 and E[(Afi^^)'^/"] < +oo, the function $ is positive and 
strictly convex in |^|", with $(^) = 1 - fc|^|" + o(|^|"). It follows that for each k>0 with k < k, 
there exists exactly one point > with $(Sk) + k|Sk|" = 1, and 2k decreases monotonically 
from +00 to zero as k increases from zero to k. 

Since q{) = (pQ is the charac teristic function of the i nitial datum, satisfying the condition (|16p. 
it follows by Theorem 2.6.5 of llbragimov and Linnik I ( 197ll ) that 



9o(e) = 1 - fc|er(l - *r?tan(7ra/2) sign^) + od^D, 

with the same k as before, and r/ determined by (fT7|) . For a = 2. clearly qo(C) = l~cr^^'^/2 + o(^^). 
By the aforementioned properties of <f>, there exists a k G (0, k) such that 

(71) 190(01 <*(o + '^icr 

for all ^ G R. This is evident, since for small ^, 

i9o(oi = i0o(oi = i-fcier + o(ir), 

while inequality ((711) is trivially satisfied for |^| > S^, since |(/)o| < 1. 
Starting from (|7ip . we shall now prove inductively that 

(72) \m)\<m + ^\T- 

Fix n > 0, and assume (17^ holds for all £ < n. Choose j < n. Using the invariancc property (|70p 
of $, as well as the uniform bound of characteristic functions by one, it easily follows that 

iQ+fe,9n-,](e)i - m < E[\q,m)\\qn-j{RO\ - HLomo] 
<E[Kimr] +E[K(i?iei)"] =«icr. 

The final equality is a consequence of E[L" + R"] = 1. By (|lip . it is immediate to conclude (j72p 
with £ = n + 1. 

The proof is finished by noting that, since k < k, 

holds for 1^1 < p, provided that p > and 9 > are sufficiently small. □ 



Lemma 4.10. Under the hypotheses of Theorem \3.8[ let p > be the radius introduced in Lemma 
above. Then, there exists a constant A > 0, independent of £ > 0, 

(73) IgKOI < (1 + Aier)-'/'- foraU\^\>p. 

Proof. Since the density /□ has finite Linnik-Fishcr information by hypothesis (H2), it follows 
that 

\M0\<( f K\'\h{C)\'dc)\^\~' 



for all ^ G M, where h = v/q and h is its Fourier transform. See Lemma 2.3 in ICarlen et al 
(Il999l) . For any sufficiently small A > 0, one concludes 



(74) i0o(e)i<(i + Aicr)-i/'- 

for sufficiently large |^|. 

Next, recall that the modulus of the characteristic function of a probability density is continuous 
and bounded away from one, locally uniformly in ^ on R \ {0}. Diminishing the A > in (j74p if 
necessary, this estimate actually holds for |^| > p. 
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Thus, the claim (j73p is proven for ^ = 0. To proceed by induction, fix n > and assume that 
([75)1 holds for all £ < n. In the following, we shall conclude ([75]) for £ = n + 1. 
Recall that r < a in hypothesis (HI); see Remark [T] Hence, defining 

(75) PA = (A/(?)i/("-), 
it follows that 

(i + ^i^r)-!/'^ < (i + Aicr)-!/'- 

if > Pa- Taking into account Lemma [4.91 estimate ([74]) for i < n extends to all |^| > p\. We 
assume px < p from now on, which is equivalent to saying that < A < Aq := 9p"^^ . 
With these notations at hand, introduce the following "good" set: 

M^s := {uj : V\uj) + RJ' {u) > 1 + <5'' and min(L(w), i?(w))/9 > pa} , 

depending on A and a parameter 5 > 0. We are going to show that if 5 > and A > are 
sufficiently small, then M^^ has positive probability. First observe that the law of (L, R) cannot 
be concentrated in the two point set {(0, 1), (1, 0)} because 5(7) < by the hypotheses of Theorem 
13.81 Hence we can assume P{L'^ + i?'' > 1} > 0, possibly after diminishing r > (recall that if 
(HI) holds for some r > 0, then it also holds for all smaller r' > as well). Moreover, notice that 
U' + i?"^ > 1 and L = or i? = implies L" + i?" > 1. But since E[L" + i?"] = 1, it follows that 
P{-L > 0, i? > 0, L'' + i?*" > 1} > 0. In conclusion, the countable union of sets 
00 

U ^'^Z/k.i/k = ■■ + R'^i^) > 1- L{^) > 0, RH > 0} 
fc=i 

has positive probability, and so has one of the components M^^^^, 
Also, we introduce a "bad" set, that depends on A and ^, 

M^^^ := {to : min{L{^),Ri^m\ < Pa} • 

Notice that M^^ and M^^ are disjoint provided |^| > p. 

We are now ready to carry out the induction proof, for a given A small enough. Fix j < n and 
some 1^1 > p. We prove that 

(76) Q+[q„qn.M)<m{Lm<in-,{RO\] < (l + AI^I'')-!/'-. 

We distinguish several cases. If uj does not belong to the bad set M^^, then L\£^\ > p\ and 
RW\ ^ Px so that by induction hypothesis 

< (1 + A(L'- + i?'')icr)"'^'' < (1 + M^ry'^"; 

indeed, recall that L*" + i?*" > 1 because of (HI). In particular, if uj belongs to the good set M^g, 
then the previous estimate improves as follows, 

\q^{Lmn-j{RO\<{^ + Hi+nmT'^'' <{ytj^t^ 

where we have used that |^| > p. Notice further that there exists some c > — depending on S, 
6, Aq, p and r, but not on A — such that for all sufficiently small A > 0, 

l + Xp'' \ I/'- 



1 + X{l + S^)p^ 



< 1 - cA. 



Finally, suppose that a; is a point in the bad set M^^, and assume without loss of generality that 
L>R. Then > (1 - i?'')|^r > - Pa' and so, for sufficiently smaU A and for any £_ > p, 

\q,iLo\\qn-,{RO\ < (1 + xL^m-'/^ < (1 + Aier - ap^-^/'^ < (i + xp^y/^ii + xm-'^^ 

Again, there exists a A-independent constant C such that, for all sufficiently small A > 0, 

(l + Ap^)i/'-<l + CAp^. 
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Putting the estimates obtained in the three cases together, one obtains 
E[\q,{LO\\qn-,{RO\] 

< (1 + \\^n~'/^ [(1 - P(A/,«,) - P(Afi^^)) + P(A/,«,)(1 - cA) + P(Mi^^)(l + CXpl)] 



< 



Notice that we have used the trivial estimate P{M^^) < 1 in the last step, which eliminates any 
dependence of the term in the square brackets on ^. To conclude ([75]) . it sufhcies to observe that 
as A decreases to zero, p\ tends to zero monotonically by (ffS]) . while the measure P{M^g) is 
obviously non-decreasing and we have already proved that P(M^ ^) > for A* and 6 suitably 
chosen. Hence Cp\ < cP(A/^^) when A > is small enough. From (|76|) . it is immediate to 
conclude ([TS]). recalling the recursive definition of qn+i in (fTTjl . 

Thus, the induction is complete, and so is the proof of the lemma. □ 



Proof of Theorem \3.8[ The key step is to prove convergence of the characteristic functions <j){t) — > 
(/)oo in i^(]R). To this end, observe that the uniform bound on q„ obtained in Lemma [4. 101 above 
directly carries over to the Wild sum, 

oo 

m;o\ < e^* - ^'TiQnioi < (1 + Aier)-^/"^ m > p). 

Moreover, since limt_,4_oo </'(^;C) = 0oo(^) for every ^ G M, also 

i0oo(e)i<(i + Aicr)-i/'- m>p). 

Let e > be given. Then there exists a S > p such that 

m;o-<i^oo{o?di<2 [ {m;o\' + \4>oo{o\')di 

l«l>H ^|?|>H 



<4 j_ (l + A|er)-2Ade< -. 



On the other hand, by weak convergence of Vt to Voo </'(i; ■) converges to 4>ca uniformly on every 
compact set of M as t +00, hence there exists a time T > such that 

for every |^| < S and t > T. In combination, it follows that 

ll0W-'^oo||i2 <e 

for all t > T. Since e > has been arbitrary, convergence of to (j)oo in L'^{^) follows. By 
Plancherel's identity, this immediately implies strong convergence of the densities f{t) of Vt to the 
density f^o of 14o in L^- 

Convergence in L-'^(]R) is obtained by interpolation between weak and L^(M) convergence. Let 
e > be given, and choose M > such that 



foc{x)dx < - 

x\>M 4 



By weak convergence of Vt to Vqo there exists a T > such that 

/ fit; x)dx<^- 

J\x\>M ^ 



28 



FEDERICO BASSETTI, LUCIA LADELLI, AND DANIEL MATTHES 



for all t > T. Now Holder's inequality implies 

/ \f{t-x)^ foo{x)\dx <{2MY/^( [ \f{t-x)- foo{x)\''dx)^'^ 

JR ^J\x\<M ' 

+ / (|/(t;x)| + |/oo(x)|)dx 

J|a;|>A/ 

<(2M)i/2||/(t)-/oo|U. + | 

Increasing T sufficiently, the last sum is less than e for t >T. 

Finally, convergence in LP(R) with 1 < p < 2 follows by interpolation between convergence in 
Li(M) and in □ 
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